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Abstract

In this paper, our primary objective is to determine sufficient conditions under
which the convolution operatorE,.(z) = zE,.(z) * f (z) belongs to the
classes Uvc(k, a) and S, (k, ).

1. Introduction and preliminaries
Let A denote the class of functions of the form

(1) f(2) =2+ X%, an 2",
which are analytic in the open unit disc U ={z: |z] < 1}. ScA denote the
subclass of functions that are univalent in U. The classes of star like and convex
functions of order « are denoted by S*(a) and C(a), respectively, and are defined
as follows:

S*(@) ={f:f € Aand‘ﬁ(%)>a, z€U,a€[0,1]
and
L - 2f'(2)
Cla)={f:f€ Aandﬂ%(1+ m)>a, zeU,a€[0,1].
Clearly

$*(0) = S* and C(0) = C

These classes S*(a) and C(a), were first introduced by by Robertson in 1936
(see [1, 2] for more details). The concept of Uniformly convex functions (UCV)
and uniformly starlike functions (S,) were later introduced by Goodman in 1991
[3, 4]. A function f € A is said to be uniformly convex if the image of every
circular arc 1, contained within the open unit disc and centered at a point also
inside the disc, is mapped onto a convex curve. This characterization was
independently confirmed by Ma and Minda in 1992 [5] and by Renning in 1993
[6].
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Definition 1.1

A function f € A is uniformly convex in the open unit disc if and only if it
satisfies the geometric condition that the image of every circular arc contained in
the disc, with center also in the disc, is a convex curve. i.e.

zf"(2) zf"(2)
(2) w(1+ 75)> 5w
Definition 1.2
f €Aisin S, if
zf' @) '@
3 SR( f(2) ) > f(2) 1 | )

Next, we introduce the subclasses of k-uniformly convex functions of order a,
along with a newly defined class associated with starlike functions. These
function classes were introduced by Bharati et al. in 1997 [7].

Definition 1.3 A function f € A is in Uvc(k, a) if and only if
(4) 93(14_ Zf_(z))>K Z]{,((ZZ)) +a z€U,

f1(2)
where0 <k <wand0<a < 1.
By applying the Alexander transform, we obtain the class S, (k, a), defined as

Definition 1.4 A function f € Uvc(k,a) ifand only if zf" € S, (k, @)
In 1993, Kenneth S. Miller and Bertram Ross introduced a special function
known as the Miller-Ross function [10].

Definition 1.5 [8]: The Miller Ross function is expressed as
E,.(z) = z%e“Y"(v,cz),
Here Y *is referred as incomplete gamma function.
E, . (z) is a solution of the ordinary differential equation
v—1
Dy—cyzzr(—v),v>0.
Applications for the Hadamard or Convolution product have multiple uses in the
field of geometric function theory.

Definition 1.6 The Hadamard convolution of the functions of class A is defined
by

(f*g)z=z+Yo-1ap,byz"™ (z€ U)

here f(z) and g(z) are convergent power series in the open unit disc.

The normalized form of Miller Ross function is defined as follows:

r(v+1) —
(10) Bve (2) = 2 + En—agmy 27¢"

Letf € Agivenby (1)andg € A given by
g(z):Z+Z$lo=2ann ’
then Hadamard product (or convolution) of f and g is defined as:
f*xg@)=1z+Yra,b,z" z€eU.
Now, we discuss about the convolution operator
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]EU,C(Z) = ZEU,C(Z) * f(z)
=Z+ Yn=2 Anz"

F(U+1) n—-1
Ay

Where 4, = RCrTS)
In our present work we find some sufficient conditions under which the
convolution  operator E,.(z) = zE,.(z) » f(z) belongs to the
classes Uvc(k, @) and S, (k, a).

Following lemmas will be helpful to prove our main results

Lemma 1.7 [7] A function f € Aisin Uvc(k, ) if it assure

(11) Ymon{n(l+k)—(k+a)}a,| <1-—a.
Lemma 1.8 [7] A function f € Aisin S,(k, a) if it assure

(12) Ymeon{in(l+ k) —(k+a)}a,| <1—a.
Lemma 1.9 [9] If f € PT™  is defined in (3.7) , then

(13) |an| < %

2. Main Results:
Theorem 2.1 Letv > —1, ¢,z € Cand a € [0, 1) with inequality such that

2(1 — n)cos& (2vc + 2¢c — c?) c
(1+k) (v —c+ 1)2 +(1—a)m <(1—-a)
Iffer, @ % €[0,1) and n < 1, then the convolution operator E,.(2)f(z) €

Uvc(k,a).
Proof: Consider
E(z) =zE(z)* f (z)
_ F( v+ 1) n-1

=z+ ZAnz”
n=2
Where 4, = TTITS

To show that the convolution E,. (z) f(z) € Uvc(k, ). From lemma 1.7, we
prove that

Ay

o)

Zn{n(1+k)—(k+a)}|An|S1—a
Now "
rcv+1) .,

F(v+n)c I

SZ(]._n)COSEZn{n(l‘*'k)—(k_l_a)} F(U+1)Cn—1
n=2

n{in(1+k)— (k+ a)}

r'v+n)1+ymn-—-1)]

Since, <-—,Vn > 2,therefore we have

88 |,

_n
1+P(n-1)
rcv+1)

Zn{n(1+k)—(k+a)}mc .an

n=2
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S2(1—77)c05§{i:n(l_l_k) (v+1) -1 Z(k I’(v+1)cn_1}

= - 1 r(v+1 _
M{(1+k) din=2 (n— 1+1)r§:-|+-n; — (et o) 2 ZFE:+71§ ¢ 1}
== {0 0T, (- DS T (- @ B
(1)
By using inequality

F(v+1)< 1
rlv+n) (v+1)n1

So, (1) becomes

o

1
Zn{n(l + k) — (k +a)} I"E—:Ii_-n; c" 1. a,l
n=2
2(1 — n)cos¢ = (n—1)c"1? = el
< ; {(”k),;—<v+ et (1—a)nZZ—(v+ 1)n_1}
_2(1 —n)cosé c(v+1) c
B 7 {(1+k)(v—c+1)2+(1_a)v+1 c}

<1l- a.
Hence proved.

Theorem 2.2 Let v > —1, ¢ > 0 and a € [0, 1) with inequality
2(1 — n)cosé {(1+k)c_ (k+ a) (ec—c—l)} c1_g
@ v+1l-—c c(v+1) -
Iffe qu (”), @ € [0,1) and n < 1, then the convolution E, .f(z) € S, (k, a).
Proof: Consider

Eyc f(z) = ZIE)U,C(Z) * f(z)
_I'(v+1) -1

=z+ Z Apz"
n=2
Where A,
F(v +n)

To show that convolution E, .f (z) € S,(k, a), we use lemma 1.10, we get

LAy

Z{n(1+k)—(k+a)}An <l-a

Now
Z{n(1+k)—<k+a>}%cn-l @
2(1—77)0055 rcv+1) .
= 1+¢(n Z{ (1+k)—(k+ )}mC
Since, ,vn > 2,therefore we have

T
Yn=aAn(1+k) - (k ta)} A, <
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2(1_2# Yom2in (L +k) — (k + a)} {l rwv+1) Cn_l}

nr(v+n)

__2(1-mn)cosé o (v+1) nq w TI'(v+1) 1
= E S A+ ) s fo ¢ = (k4 @) Ty otk ¢ ()

Using inequality
r(v+1)_ 1
rlv+n)” (v+1n1
And log-convexity property of Gamma function
r(v+ Hreo _ 1
r'v+k) ~—v+1

Therefore (1) becomes
0 (1-7) 0 "~
e (LK) = (k+ @)} 1Ay < 225 (14 0) By ey

o IOI(r+1) g
(k+a)Xn-; n.(n—1)II" (v+n) ¢ }

2(1 — 1) cos¢ c ol
7 {v+1—c(1+k)_(k+a);(v+1)n!}
2(1 — n)cosé c (k+a) (ec—c—1)
@ {(1+k)v+1—c_(v+1) c }
<1-—aqa,

By lemma 1.8. This completes the proof of theorem 2.2.
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